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5) I introduction

Motivation : differential equations are used to model and

describe many processes in

· Giology (epidemiology , ecology ,
concer research,

cell + developmental biology ,
..

· Chemistry (reaction networks)
· climate research + weather forecasts
· economics (option pricing , wealth+ income distribution (
· engineering + physics (from mass-spring systems to

aircraft design (
· neuroscience + computerscience (models of Grain activity

potterns , deep learning networks)

Learning gools : · design differential - equation models

·analyse differential equations using
- explicitonautic solutions
- geometric qualitative theory
- numerical simulations

· interpret solutions to differential equations
· understand theory of differential equations

- existence and uniqueness of solutions

Differential equations :

A differential equation is an equation that contains one or

more derivatives (of quantities we are interested in

· Example I : = - an -> u= y(t) is a function of t

un

derivative
=> E Y dependent variable
t independent variable

solutions : A function u
= 4(t) is a solutionof -ay if

dre(t)
dt

= - ay(t) for all values of t in on

oper nonempty interval



Examples :

· Is Y( = E e solution of = -on ?

dy(t)
Check :

at = (E) = 2t 3 (
not equal

S-ay(k = -at2 except of + = 0 and +=
-8

which are isolated points

· is UCH = eat a solution to =- an
2
-

dy(+ )
Check :

at
= &(e-et) = - ae

- at I equal for all t

- ay(t) = - Re-at

-> y(t) = pat is a solution of -an
din

· Example 2 : axd+ + xn2 = (d) E U dependent variable

Xt independent variables

derivatives

-> seek solutions in the form v(X
,t)

· Example 3 : & this isa&= &
equation ~
differential

-

E X
,4 dependent variables
t independent variable

-> seek solutions in the form x(t)
, Y(7)

A solution to a differential equation is a function that depends
on the independent variables and

, when substituted for the

dependent variables in the differential equation
, gives on identify

(that is
,
left-hand side= right-hand side) to all values of

the independent variables.



Classification of differential equations :

↳ Identify dependent and independent variables

2. Number of dependent variables & = I scolar differential equation
7) I system of differential equations

3. Number of independent variables & =
l ordinary differential equation (ODE)
> I Partial differential equation (PDE)

4. Order of a differential equation : highest derivative that appears

5. Linear or nonlinear :

Lined : Whenever the dependent variables or any of their derivatives

appear in a term of the differential equation
, they must

occur done withnower I

nonlined : otherwise

Examples of lined versus nonlinear :

· Ossume that u
, v dependent variables&

*t independent variables

⑳ 3u4 nonlineari ~ raised to power 4

()) nonlinear : * raised to power 2

diu conlinear : ~ andIt each have power I
,
but we

multiply them to get on effective power 2

Er lined : ~ has power (f involves the independent
variable which does not matter

sin(V) nonlinear : Sic(V+V2) # Sirv,
+ Sin Ve

= conlinear : E = v-1 hos power-l

& v onlinear : similar tou terr above
,
but now

involving two different dependent variables
10eX lined :

~o dependent variable occurs



· To determine linear us nonlinear
, temporarily ignore the

independent variables
,
differential symbols ,

and any constants ;

check whether theresulting termsore lived in the dependent
voriables .

Classify the following differential equations :

( = E + xet

&
X dependent -> Scalar

t independent- > ODE

Order 4

linear

(2) + xy =

I Y dependent
-> scolar

X independent -> ODE

order

nonlinear (term)

(3) du = x+E

&
X dependent -> scolor

ten independent+ PDE
&X

orde (
d+ dy

linear

(4) I
X ,y dependent + system
- independent -> ODE

Order !

nonlinee (x-4)

Outlook In APMA0350
, we will focus on ordinary differential

equations (scolar+ systems ;
linear + conlinear (

Partial differential equations are covered in ApMA 0350-



5)2 First-order Scalar ODES

We will consider first-order scolar ODEs of the form

* = f(x,+) E XEIR dependent variable

tell2 independent variable

and discuss how to

· goin insight into their solutions without finding explicit solutions
· solve certain classes of equations anautically
· develop models of real-world problems in the above form
· determine whether solutions exist and are unique

Recell that a function X (7) is said to be a solution of d = f(x, + ) if

dx(t)
at

= f(x(t)
,
+) for all values of t

Co all values of to contained in some nonempty interval (a,b) (

Geometric interpretation :
Solution X(t)

X

Slope of x(t) == f(x(to)
,
to)

of t = to
X(to)

...............

·
I

t

We conclude that

· X(t) will increase strictly if f(x(t)
,
7) > O

· X(t) will decrease strictly if f(x(), +) < O

-> these features will help us

· sketch solutions

· design models E f(x) = 0 : X increases

f(x)90 : X decreases



52
. 1 Qualitative approach

Consider the scolor differential equation

& = f(x) ,
autonomous" no explicit dependence

of on independent(
voriable t

S
Example : f(x)

Li⑨

X(+ )

We will think of a particle moving along the X-axis.

We denote the position of the particle at time t by X (t)

andassume that its velocity C) is given by f(x(t).

-> XCK satisfies the ODE = f(x)
Or velocity at timet = #(position at time+(

Goal : given the groph of flxy ,
understand the motion

of the particle as a function of time +

f(x)

equilibria
equilibrium

-TS
arrows On the horizontal f(x) > 0 nece = f(x) = 0

axis indicate direction Hence X(t) increases =>

of movement of particles particle moves to the right
as time t increases



(i) f(x170= = f(x))0 = X(t) increases as increases
-> particle moves to the right

dx(ii) f(x10 = d+= f(x) < 0 = X(t) decreases as increases
-> particle moves to the left

(iii) flXX) = 0 = XC = Xa for all t is a solution !

ax(+s x(t) = Xv = Constant
Check : LHS = At O

RHS = f(x) = f(x) = of 3 equa fora
-> roots or zeros of f(x) (that is

,
points Xx for which f(x) = 0

correspond to time - independent solutions x(t) = XX for all t

-> these are called equilibria or rest states

a particle positioned of a rest state X will not ever more

f(x)

X2 X3u3 · c . ⑨ < X
O

We can use the equilibria and arrows to sketch the grophs of

representative solutions Xct) as functions of time :

X

-resectative
solution its

soon

t
O

X2 unstable
equilibrium : constant sartion

-
XI Stable

-



-
no dependence or the

Qualitative theory for d = f(x)
independent variable t

1 Draw groph of right-hand side f(x)

u = f(x) f(x)
X
, X2 One rest states

2. direction of

- · & ⑧ D X movement

X X2

· If f(x) = 0
,

then XIt) = Xo for all t is a solution
-> rest states or equilibria

⑨ E If f(x) 30
,

then x(t) increases strictly
If f(x) < 0

,
then x(+) decreases strictly

-> indicate direction of movement by arrops a X-axis

2 Sketch representative solutions X = x(+) as functions of t
X

-
X= x(+) representative

solution
X(7) = Xz unstable

- t
D

x(t) =

-
stoble

note : we have may solutions which are distinguished by the

initial position of the particle of t= o (see below !

3 stobility of rest states

-(X ]

XX
f(x)

~ f(x) I
f(x)

> X * >/ S-
Stoble unstable somitable filled with

equilibria
Chos no come)

nearby solutions nearby solutions · stoble from

Converge to X more away from one side

es t- op X OS + increases a unstable from

the other side



Initial conditions and uniqueness

We can place the particle at any initial position to at time too,

and the motion of the particle should then be determined uniquely

by the differential equation .

-> We expect that the differential equation * = f(x) with the

additional condition x(0) = Xo for a given vo has a unique

solution x(t) defined for all t near o

If
Theorem Assume that fix, +) andx(x, +) are continuous for all (x ,+) .

For each given Xo
,
to

,
the differential equation = f(x, + )

With prescribed initial Condition X(to) = Xo has a unique

solution X(t)
,
defined for to-det tota for some 830

.

Uniqueness of solutions means the following :

If X , (t) (defined for to-,
< + to+d) and X(t) (defined for to-deta to+de)

or both solutions of

&
dX
d+ = f(x

,+ )

X(to) = Xo

then x, (t) = Xc(t) for all + with to-det> to+d with fmind
,
624

.

-> if fixty and xit are continuous for all (xit) ,
then solution grophs of & = fix ,+) cannot cross :

X , (7)

xo .

X, ()

·

X
,
(t) = Xz(t)
--

X

T
x2(7)

t
t

-
neither figure is possible

df
if fix

,7) and x(X, + ) are continuous for all X, +



Examples :

· Does = (x+t) sint With X(10) = -5 hore a unique solution ?

Answer : The function flx
,
ty = (x++"Sirt is continuous in

#E) . Furthermore
,
this function is differentiable

in X Ond & (x,+) = 2(x+ t) Sint is continuous

in (x
,7) .

Hence
,

the conditions of the theorem are

satisfied
,

and the theorem ensures that the

initial-value problem above has a solution and

that the solution is unique .

2 Does & = Su with /K = O have a unique solution ?

Answer : The dependent variable is u
,
and the function

Elu) = It is not defined for uo andte
is not defined for UsO . Hence

,
the theorem

does notapply -> we cannot answer this question .

Note : The solution may exist
,

and it may be unique ,

but we cannot use the theorem to decide this.



Example Carry out a qualitative adysisof10
I classify and check existence & uniqueness
· first-order , scolar ,

Outonomous ODE -> auditative approach applicable-
· f(x), (x) continuous for all x -> solutions exist and are unique

2 Find zeos of f(x)

f(x) = X
& (x-10)(X-30) = 0 for x = 0

,
10

,
30 : equilibria

3 Plot graph of f(x

L /
f(x)

&
7 > > X

O 10

- 30

-

4 Draw arrows or horizontal axis to indicate direction of movement

> where f(x) > O

[ where f(x) < 0

5 Determine Stability of equilibria
X = 0 semistable& X= 10 stoble

y = 30 unstable

6 Sketch grophs of representative solutions

X

-
unstable

30

-
stoble

-
semistable

t

-



Direction fields for non-autonomous scola ODES

Consider * = f(x,+ ) : right-hand side may now depend
or the independent variable t

· our qualitativeapproach will not work Since flxgt) now depends
or both x and +

⑧ We can still use the geometric idea that f(x(H
,
7) is the

slope of the solution X(+ ) of time t

dx(+)
Recoll that x(t) is a solution of d = fix

,+) if at = f(x(t)
,
+)

-
for all t

Slope of X (+>

at time +

X = f(x(t)

-t
,
x(

· Slope f(Y,F)
⑨

direction field
"

⑳ CF
,ES

-...
I t

-> · Solutions (7,X(t)) through a point (I, ) must be

target to the live with slope f(Y , I) through (F,*) .

· If fixity and (x,t) are continuous for all (xst)
,

Solutions cannot touch or cross
.



Summary

solutions : X(t) is a solutionof fix, if d = f(x(+ ) ,+)

for all te 10 ,b) for some oclo

2 classification : allows us to decide which method to use and

what behavior of solutions to expect

3 existence and uniqueness : Oscertain when we know that an ODE

has a solution and under which condition solutions

are unique
↑ qualitative analysis : gives insights into shape of solutions and

their behavior os += 00

note : thisapproach builds on
,

and requires ,
existence and

uniqueness Since we otherwise do not know whether a

solution even exists !

5 direction fields : gives insights into solutions for non autonomous

scole ODEs ; some coveet as under 4 !
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.
2 Separable equations

Goo : develop methods to find explicit solutions to scalar ODES
.

-> We focus on separable equations for which we can collect

dependent and independent variables on different sides of

the equation

Definition : A Scalar first-order ODE is said toGo separable
if it can be brought into the form

F(x) d = G(t) LorF(x)dx = G(t)d+ ")

these functions may be constants

Outline : · find practical informal way to solve separable ODES

· justify this approach using the chainrule



Example) : Solve = v(l-v) with v(0) = voe (0
, 1) .

recoll f(u) = u(l - u)

( - so expect vH)-y1 as t+oo(
&

· separable ? yes :
~ (i-us = 1 ~
-m -

depends only our dependsal out

I
· formally " vll-u) du = 1 - dt

t
2 Y

· integrate : Suli-us du =
S1 . dt

Up O

Since v = Up at + = 0E we seek solution v at time t

-> Studu= a+ partial fractions

S(+ )du = t

In - Le = t

un(i) = z

- (1- vo)
= et

vo (1-u)

-> ulirvoy = volcan et

~ (l-vo + voet) = Get

vet
· solution : u(t) =

1 + vo(et - 1)

· Since fluy-vend is continuously differentiable in v,

our solution is the unique solution to

& = v(1-v) with v10) = Vo where Ocuol



voet
⑳ Note : VH) = It volet-1) - & 1 Os t= 0

O as t = -op

as expected from qualitative adysis
.

Example 2 : Solve = y(x+1)

· separable ? no : cannot write this in the form
-> Cannot use this approach to find a sartion

Example 3 : Solve =

y (2x + cosX)
with y(0) =1 + 42

· separable ? Yes : Itu = 2x +Cox

· formally : (i +4)dy = (x + coSX)dx

· option 1 : proceed as above :

Y X

S (n + u)dy = S (2x + cosx)dx
I O

because 4101 = 1 means y = 1 at X = 0

-> evaluate integrals ...

· option 2 : integrate using indefinite integrals
:

S ( + u)dy = S(2x + cosx)dx

+= c + x + sinx

cannot be solved for u = 4(x) as a function of X

· genera solution (in implicit form) :

In 141 + 2 = c + x + Sinx where < is on

Orbitrary constant



· initial condition : u(0) = 1 or u = 1 when X = 0

- (1 + E = c + o + sin0 gives c = 2

(n(y) + E = z + x2 + Sinx

gives the solution with 4(0) = 1 in implicit form

Procedure for solving separable equations

· separate vociables : F(x) = Gl+)

solution will
definite integral : SoF(xidx = Sijects da satisfy x(to) = Xo

⑧

indefinite integral : SF(x)dx = SG(+)d+ gered solution

integration constate can be used to satisfy

initial conditions if specified

· implicit form : typically ,
solution will be given only implicitly ;

sometimes
,

we can solve for x as a function of t

Justification :

Assume x(t) is differentiable and satisfies

S F(x)dx = StG(+)d+ for all + (0
, 6)

Differentiating in t gives

dX(+ C
F(x(+) a+

= G(t) for all +=(a
,b)

and x(t) is a solution of F(x = EC) for +elo ,b)



Develop your own personal decision tree

Decide which methods apply to a given ODE :

10 methods yet
NO

First-order autonomous : qualitative andusis
Scold ODE

495

classify separable : separation of variables

nonautonomous : direction fields
-

multiple answers possible !

(these are not mutually exclusive)

$2 .
3 Linear first-order scolar ODES

The general form of a linear scolar first-order ODE

(with dependent variable X and independent variablet) is

( dolt + a, (t)x + 02(t) = 0

We will always bring equations into the standard form given by

(2) * = alt(x + b(t) : standard form

(divide (1) by dot) and collect all terms except on the right-hand side(

Goal : derive a formula for solutions of (2)

(note : (2) is not separable unless b) = 0 for allt)

Step o Existence and uniqueness for (2)

dy
We know that It = f(x

,+) with X(to) = Xo for given Xo
,
to

has a unique solution provided fixit) andxit) are both

continuous in (x, +) for all x,
+

.

We have f(xst) = act(x + 6(+) and * (x,+) = a(t) .
Hence

,

if aft) and bit) are continuous for all t
,

then for each

Xo,
to the ODE (2) with the initial condition x(to) = Xo

hos a unique solution defined for to- < + < to+d for

some 800 .

- Ossume alt) and b) are continuous for all t



Step 1 : Homogeneous equation = actix

(3) = actix separable -> use separation of variables

· Note that x(t) = 0 for all t is a solution of (3)

and uniqueness of solutions established in Step 0 shows

that solutions X (t) of (3) can therefore not change Sign

·Separate variables and integrate :

** = alt

So * dx = Cact)a+
absolute volves not needed

In = Sect at & Since solutions cornot

x(+) = xo eStassds
change Sign

-> is the unique solution of

G
* = a(t) x with x(to) = Xo

it is best to use different variables for the integration

voriable to avoid possible confusion

Sto alsids
·Summary - The function X(t) = Xo e satisfies

dX
-

at = alt)x with X(to) = Xo for all voluc of t

Alternatively ,
the general solution X(t) (that is

,

the expression capturing all possible solutions (

of = act) X is given by X(t) = cestasias
where the constant c isarbitrary and con be

used to satisfy any initial conditions added

to the ODE
.

· Example : Find the solution to + Ex = 0 with x(1) = 2
.

standard form ( !) : =
-Ex So als = -t

.

colation : x(+ ) = xo estacids = 2eS(-sds
· ce = 2e

- + 11

-> X(t) = 2ve-
t

sotisfies * + tx = 0 with x (1) = 2



Step 2 : Inhomogeneous equation = actx + b(t)

(4) = a(t)x + b(t)

Sta(ssds
· Recall that X(t) = c e is the solution to d = al+ X

.

· We seek solutions of (4) in the form

(5) x(z) = y(t) eStads

by finding on equation for ult assuming x(+ > satisfies (4)

· substituting x(t) = yct) estacada into = a(t(x + 6(t)

gives

LHS- (u(t) eStacsids)

= d steeds ucotesteda

RHS = a(t(X(+ ) + b(t) = x(t)y(t)ySto(xds + 0(t)

Hence x(t) satisfies actix + olt) if and only if

LAS = RHS

-
&stadsultatjta(d) = a(+)y(t)eS=(1)ds

+ b()

Concel !

and therefore

1Sets
· Integrating (6) in t gives

y(t) = c + Sta -
Stasids

ba)dr

and substituting this expression back into our

formula (5) We see that



x(t) = eSt asid
=

e + Ste- Sassd)y(dr
-

- -x

Summary : For each constant c
,

the function

x(t) = eSta(s(d)
A

c + Ste- Sacsd)y(dr
-

- -x

is a solution of=a(t)x + b(t) .
The

constant a can be chosen to satisfyony

given initial condition.

Note : We do not ever need to rederive the formula for x(+ ) :

from now on
,

we can simply substitute specific
functions Offs and blt) and evaluate the integrals
to solve livear scolor first-order ODES !

Procedure for solving linear scalor first-order ODEs :

1 standard form : * = al+ (x + b(t)

2. Integrating factor : M(+ ) = e
- Stassb

3. General Solution : x(+) =

m
++ [c + S

+

mixb(d)]
wherea ison arbitrary constant

(works also for homogeneous case 6(+ 1 =0)

Common mistakes · equation not in standard form
· parentheses missing in solution formula

Example : Solve 2-tet =* with X(K = 0

· Linear equation:

· Existence & Uniqueness : coefficients are continuous for +> 0

and initial condition posed att= 1
.

· standard form : =Ex Zet
un



· Integrating factor :

M(t) = e-Stads =

e
- S

+ jds
= e

- 4t
= =

-

focus onyo

· General Solution :

x(x) = my+ [c + 5 m(xb(ds]
= + (c + St zeds]
= +[c + =Steses]

= +(c+ jet]

Hence
,

x(t) = at + Zet is the genera solution for o.

· Initial condition : X(1) = 0 gives

2

X(x) = C + I = 0 hence c = -E

· Summary : X(+) = Elet - e) is the unique solution to

2 - tet= with x(1 = 0



52 . 4 Applications

Modelling real-world processes should start with a concrete research

Question we want to answer .
We then develop a model that can

help us answe the Question usually
,

the design and complexity

of the model depends on the question.

ExampleI Mass falling in resistive medium

Question : ↑ moss in a vocrum tube on the earth's surface will

experience constant acceleration due to gravity and

its velocity will therefore grow Linearly in time

What is the velocity of a moss falling in a resistive

medium such as water or honey 2

container filled with forces due to
- resistive medium · gravity↑

kv Creater , honey ....
(

· friction
n

X
position of ball

X

w

⑪mig & v= velocity of ball

a== acceleration of ball

Newton's low : mass x acceleration = sum of all forces
acting on Gall

friction : proportional to ↳
and opposite of gravity = my

velocity friction = -KY

3 ma =

mg - kv Cor m =my-
Y * = g - " =: f(v) & first-order , scalar ,

linear , autonomous ,

separable

Existence and uniqueness Cupon adding initial condition VIto) = vo)

guaranteed by theorem since flu) is continuously differentiable
in v for all V



I Qualitative analysis

fIv>

-
stoble W

-
> ·

V mast state v(t) = m
n - t

Conclusion : Regardless of initial velocity -10) at time + = 0
,

mg
we have v(t) - I as t - 00

-

un

terminal velocity Va

2 solution formula for Linear equations

· standard form : = -v + 8 ha alty = -
b(+ ) = g

· integrating factor : M( = e-Stoids = e-Stds = ekt/m

· general solution :

v(x) =

m++ [c + S
+

m(s) bisds]
= e-kt/m[c + g

+ gksmgds]
=

e
- k/m[c +m

#cemot
regardless of value of C

y drive os some conclusion asabove !



Example 2 Compartment models : bathtub as example
water in flow rate I(t) :

amount of water entering
tall per unit time in MYsee Goal : describe the amount of

W
water in the container

water in

container : of time - given the

W(7) in mL
i-flow and outflow rates

water out flow rate O(t) :

amount of water leaving
W
tonk per unit time in my/sec

Pick a small time increment 30 (in sea) ,
then

W(t+ h) = WH) + inflow rotex elepsed time
- outflow rate x elepsed time

= W(t) + I(t)h- OCt)b

W(t +h) - w(t)
Hence

,
we find h

= [(z) - O(t)

and taking the limit h-0 gives

dw
= = I(t) - o(t) rate of chage d of water
- = amount entering per unit time

balance equation - amount leaving per unit time

Example 3 Mixing

inflow : 10904min · time t counted in min

7 containing Y 4/gal · of time t= o
,

the tonk
of Salt contains Qo Lb of Salt

dissolved in 500 gol of Wate

· I outflow :

( 10 gal/min
Well stirred
container

· Tosk : Find the amount of salt in the tank of any given
time +20 and determine the limiting amount of

Salt as + -00
.

· vorables : Q) = amount of salt in the toubl at time t

W(t) = amount of water in the tock of time +



· Balance equation for salt Q() :

amount of salt entering amount of salt leaving= the tank per unit time the tank per unit time

- in-10 S = 105 in
Hence

,
the units agree ,

and we arrive at

need7o
da(+ > 10Q(+ ) -> determine
It = 100 -

with w(t)

· Balance equation for water W() :

The volace equation for colts is given by

-d = inflow rate - outflow rote = 0
- -

10 S 10 ↳
min

Hence+= Sod = w(t) - W(0) = 0

and we conclude w() = W(0l = 500
.

· Return todance equation for solt Q(+ ) :

-> The remaining equation for the amount Q(7) of solt is

do
= 108 - 1 = 108-5& with Q(0) = Qu

7 Linea
&

autonomous
, separable scolar first-order ODE

-

-

Use solution formula for linear equations :

· standad form: = -a + 10) a(t) = - 50

· integrating factor : M1) =
-Stasds = attso

6(f) = 105



· genera solution :

acts = Mits[c + jt m(spixas]
=

e
- +50[c + j

+ 2450108ds]
=

a
-+150 [c + 5008et50]

- +150
+ 500Q() = c e

· initial condition : Q(O) = Qo gives

Qo = C + 5008 hence C = Qo-5008

> Q() = (00-5008) +150 + 5008 is the amount

of salt in the tal ofony time t
,

and the

Limiting amount of salt as too is give- by
Lim alt) = 5008 las expected)
t- 00

52
.
5 Existence and uniqueness (revisited

Goals · provide stronger version of the existence and

uniqueness theorem

· discuss idea behind its proof

Consider the initial-value problem

7 * = f(x,+) with x(to) = Xo

Task show that there is a (unique)

continuously differentiable
* solution

X(t)
function X (t) defined tor

all t neor to so that -
&= f(x(A,

X(to) = Xo

for all + near to ↓ to toto t



Existence and uniqueness theorem :

Fix Xo
,
to and consider the initial-valve problem

(# ) · = f(x ,+) with x(to) = Xo .

(1) If there is on E30 so that f(x
,t) is continuous in (x

,t)

for all X
,
t With IX-Xo1

, It-to<E ,
then there are

a constantdoo and a continuously differentiable function

X(7) defined for It-told so that x(+ ) Satisfies (*) .

If
(2) If there is on 230 so that fix

,+) and x(x,+ ) are continuous in

(x
,t) for all X

,
t With IX-Xo1

, It-to 1<E ,
then there one

a constantdoo and a unique continuously differentiable
function X(t) defined for-told so that x(+ ) Satisfies (*) .

X+ E - neighborhood of (xo , to) on which f(x+ )

land(x, +) de well defined and

Xo - x(t) continuous in (x
,+) -

Xo- E =

tode to tots

Improvements of previous statement :

· need continuity of f and I only near (xo , to) .

· separates existence from uniqueness :

· - continuous implies existence
& - and continuous implies also uniqueness

Idea of proof :

We want to find a function Alts so that

&= fixcts
, 7) for all t near to

X(+o) = Xo

Integrating the differential equation and using the fundamental

theorem of colculus
,

we get

Sidds = Sf(x
,
scas for all near to

X(t) - X(to) = Sif(x(s)
, 5) as

~

= Xo



!"means ,
find a function X (t) so that

- X(t) = RHS for all t nee to
,

E

#* xSTof(x(,
5) as for all + near to

for each function X(t)
,

the right-had side
defines a new function u(t) of t

we need to show that there is a function
XIt) that reproduces itself when substituted

into the right-hand side : this function is
1/

· fixed point under the transformation that

brings us from X (t) to 4(t) -

-> · Brower's fixed-point theorem can be used to show

existence of fixed points of (*) and therefore
solutions of (A)

Anology :

&
· Briefly Stir a glass of water

& ⑨ At least one water molecule willS=
be back of its original position

(this molecule is a fixed point)

· Banach's fixed-point theorem needs more assumptions

but also guarantees uniqueness of fixed points of [x*) .

Analogy :

X
⑧ contractionF

Y &
⑧ ⑳

F(x) =(4)

(F(x) - F(u))= (x- 4)

so points more towards each other

with rote strictly less than one



& 2
.6 Numerical methods

Goals a How can we solve differential equations numerically
on computers ?

· which algorithms might packages such as Mottob or

Python (in our Jupyter notebooks) use ?

Setting · Consider (+) * = f(x
, +) with XCto) = Xo

· Assume that f(x ,+) satisfies the conditions of the

existence& uniqueness theorem and let X(+ > denote
the unique solution of CS for tostorT.

X
Xm points approximating

·
Xz

Xn
⑨ solution at chosen times

X , ⑧ X(to +T)
⑨

⑧ · &

·
solution x (t)·X(+ , S

⑧

X(+0) = Xo

D - t

t ...
E

. tr = to+T

Given N+ 1 time points In for open so that

to < +, < +< ... +n < ... to = to + T
,

find pointsXn for On N that approximate x(tn)

so that max Ix(tm) - Xn) is small
02n = N

Approach choose equidistant points In between to and totT :

Given NC31 large ,
we define h := /N I small end

tr = to + ch for OneN

so that tw = to + Nh = to + F :

I
n

,
h

,
h

--
--

D D D - t

to E
,
Ez ... En --- tr = to+T

- findopproximations Xn of XStn)

without knowing theSolution X(+) .

-> We have the following information :

& we knowXo of to to

· we can evaluate fixst) at any given point (x ,+) .



Direction fields :

⑧
X = Xo + h + (X0 ,to>

line with line with Slope f(x1 ,ti)

slope f(xo
,
to

anchored at (x
,+,

Y Anchored
at (x0

,
to ( ·

X(+, 3
·

xz = X
, + hf(x,+, )

hf(Xo
, to)

⑨
h

· X(+2)
Xo= X(to)

↓ I t↑ < > - n'tzh +

Algorithm in formulas for In = total :

⑧ Xo at t= to given
⑧ X, = Xo + he f) tosto

(**)
xz = X

, + hf(X ,,
+ 1) each step uses onlyI o - o 3 information from

⑧ Xn+ 1
= Xn + hf(Xx ,

+x) Previous Step Plus

-ov evaluation of +(x
,
+ (

· Xn = Xn-1 + hf(Xn-, ,
+N- 1)

Ifho is small
,

we expect that X-
as determined by (** )

is close to X(tn) for OnEN
.

Forward Euler method :

God : approximate solution xcts of text)
with X(to) = Xo for to = + = to + T

Algorithm :
1 Pick N31 large and set h=
2 Recursively ,

define
X n + 1

: = xn + hf(Xn , to + nh) n = 0, ..., N- 1

Theorem : There is a constant (so so that

(x(to + ch) - Xn1 * Ch for all OneN



Alternative derivation : Balance equation or Taylor expansion

· we derived = f(x
, +) from a balance equation :

Pick Ochal small , then elepsed time inflows and out flows
< /

X(t + h) = x(t) + h f(x(+y, + )

· Alternatively
,
Taylor expansion shows that

| x(+ + 4) - x(t) -h = ch Or

x(++2) = x(t) + hf(x(t)t) + Ever because d)= f(x(t)
,
7)

-> + = to : X ( to + h) = X (+0) + hf(x(+o) , +o) + E ... ] Or

x (to +h) = xo + hf(x0
,
+)+

Ou it to Obtain
computable

-
2 approximation= Ch

define X
,

i = Xothflxo , to unknown but much

smaller than hf/o
,tol

-> con now define Xnti recursively using Xn :

Onit

x(to+(+13h) = x(to+ 2) + hf(x(o + ch)
,

to + c)+- -

approximated Opproximated
by X- bu X-

define Xn+1: = Xn + hf(x
,

to + nh) : approximation
of x (to + (n +1)h)



~incor algebra review

· Focus on two coupled equations that depend linearly on two variables
.

· Throughout ,

the constants o
,

b
,
c
,
d ar given ,

we moy vory the

right-hand sides 81 . 82 ,
and we want to solve for X

, x2

Systems of linear equations :

(* ) E ax,
+ bxz = g ,

- wost to find x , x2

C X , + dxz = 92
- can solve 1st equation for X

, as a function of X2,

them Substitute this for X ,
into the second equation ,

and finally solve for Xa (if possible)

Coordinates and vectors in the plane :

*2 X2

(...)
C = Xor(E) adding

Vectors
vol

-(d)
A XI X/
&

Matrix-vector notation :

write (1) as

S(a)= ) = (*) + ( *)
= (i)x + (2)x = : (2) · (ii)

solvability of (A) :

Find X1
,

x2 So that (8) x ,
+ (a)x = (i)

a (2)

XL X2
I

(2) -l
2

a()
~ (i)

- (4)
X

, X
&

Xi , X2 exist and ore unique cannot find X ,x2
-> no solution unless

(8) is parallel to (5)
,
(a)



Distinguish cases 1 and2 analytically :

X2

one - det (3)
= 3 % = od-

- area = oc (E)
,
(a) or parallel-

(a)

XI

Conclusion : Let i = (3) :

(1) deta = o if and ol if A(*2) = 0 nas a solution(s) + 0

(2) det i to if and only if for each (8) the equation (2) =(i)
has a unique sartion (2)

-S
this solution is given by (2) = A"(g)
where A" = adibc()

Notation : (e) and (a) are said to be linearly independent
if and only if & 0 (they are not parallel

Examples :

· Find all solutions (2) of (2) (2) = o

Answer : X
, -Xy = 0 & hence ,

the only restriction is X
,

= Xe and each

-2x
,
+ 2xz = 0 solution is ofthe form (*2) = <( , ) where

CER is Arbitrary

· Find all Sartions (2) of (2i)(i) = (2)
Answer : X

,
= 2

2x . + xz = 13 neces (2) = (3) is the only solution

·Does (ii) (ii) = (2) nove a unique solution for each (2) ?
Answer : (2) States that the answer is yes if and only if

! " Fo

1 -1

We have , 1
= 1-1- = 2 +0

,
So the aswer is yes

· For which X does (* 1x)(* ) = 0 neve a solution (i) + 0 2

Answer : (1) states that X needs to satisfy -x1 = 0.

1 -X

Since ex 1 = X-1
,

this holds precisely when X = 1 or X = -1
.

1 -x



5) 3 systems of differential equations

5) 3. I Linear first-order systems in IR3

We focus On ODEs of the form

& & = au + b

E (2) = (2)(z)⑳ = cu + dv Or

where ob ,
d are real constants and = d

Example : We will find all solutions of

⑨Ge or (2) = (i j)(i) = A(r)

where A = ( ? j) is a 2x2 matrix

· ()( = (8) = 0 for all t is a solution of (t) .

-> rest state or equilibrium

· Find nonzero solutions of (A) :

We seek solutions with exponential dependence on t

↓
Let (2)(t) = ext()

↓ &determined constant contro vector
↑

- X undetermined
↑

I

-
Substitution into (*) ) = (i) () = +(2) gives

I

does not LHS = =(2) = Ele*+ (2)) = x ex+ (2)
use the

specific RHS = A (2) = Ac
** (20) = e

*+
+ (8)

form of
#

LHS = RHS gives
S

I

- xe
* (48) = ex+ A() : divide by e

x+

↑ which is always positive

- x() = = (2)
&

- [m - x(bi)](v) = (Y -)(5) = 0
↑

A
~ need to find all X for which (x)(48) = 0

has a nonzero saution (2) + (8)
.



Linear algebra review : (2)() = o nos a conzero solution (8) +o

(conclusion (1) if andaly if 1Y -1) = 0

Hence
,

we need i -X = =x2 - P = x - 1 = 0

which holds precisely when X = 11 a wo now know that only

* #I can field nonzero solutions

(8) +0 of [i(() = o

-> separately for X= 1 and X= -1
,

we need to find the associated

nonzero vectors (8) for which (ix) (4) = 0

x (ii)() = 0 gives -vo + vo = 0 3 some equation
vo- Vo = 0

as expected-
-> need to solve only one of them : 40 = Vo

-> (8) = c , (i) where Cer is on arbitrary constant

X= - 1

(ii)() = o gives wo + vo = 0 3 some equation
v + vp = 0 again

-> (8) = (i) where CER is on Orbitrary constant

· conclusion : The functions (v) (+ ) = c
,
et (i) and (2) (+ ) = et (-i)

are solutions of

& (2) = (ii)(i)
for any choice of Constants C, FIR

V

~ et (i)
Preliminary J -

phose - rest state(v) = o

Portrait
·

L r -
+

(i)

-> How can we find other solutions ?



erpositionprinciple

Let Af I'v
. If X, C+ 1 and xe(t) are two solutions of Ax

Ond C, C EIR one constants
,
then X(t) : = < X,

(f) + (2Xz(t)

is also a solutionof = AX
.

2Xz
Pet We know that d = Ax ,() and

(H) = Ax2(t)

for all timest Since X . (t) and Xc(+ ) Satisfy & = AX .

We need to show that x(t) = PX , (t)+ (2X2(t) is also a solution .

LHS= = = (ax , (t)+ (2xz(t)

=c+ because C, are constants

= <
, Ax, (t) + 12 At Xz(t) because X ,(t) , Xe(t) One solutions

RHS = Ax = A(d , x , (t) + (2X2(+)

= > . EX , (t) + C2 Axelts because of distributive low
-

and,c are scolars

=> LHS = RHS for all times
= X(t) = c, X , (t) + CX2(t) satisfies = Ax I

Return to Example :

Recall that (Cts = et(i) and (t) = et(i) both satisfy

(2) = (i) (v) ·

The superposition principle therefore guarantees that

(A) (((t) = xet(i) + get()

is also a solution to (2) = (ii) (2)

-> #) is the general solution of () = ( % b)(2) :AFor each initial condition (8) ,
there are constants

so that () (+) given on (H) satisfies (2) (01 = (8) .



We will prove this claim in two different (equivalent) ways :

Approach t : Find 6, so that (((0) = c (l) + <(i) = (v)
-> need to find di, So that < + C2 = voE

C - c = Vo
Et

-> here C = E(votro) and C2= (o-vol 2.-> (Y)(+ ) = E(vo +ro)et(j) + 24 - 10) et (i)& satisfies (2) = ( % ·)(2) and E((01 = (50) ~

Approach 2 : Find C, so that (ii)() = (i)

-> has a unique solution (2) if and als if 11) to
- crea :1 ii) = - =2 +0

In this case
,

we can find (c) On inverting the matrix (i
_i) :

() = (ii)"()(ii)()=()
Note : (3) (8) satisfies

3(12)"(22) = (i)
recoll det (b) = ad-ba



Conclusion of example I :

· The gead solution of () = (b)(2) is given by

(Y) (t) = c
, et(i) + e-t (i) where 4,2 are constants

· If we add the initial condition (2)(0) = (g) ,
then

(2) (t) = & (o+ vo) et (1) + No-vo) et (
-i)

satisfies the ODE and the initial condition .

~ (i)

-
T

-#S
-

,

ur

-F

representative (i)
solutions



Summon : Consider Y = Ax with XIR" and A =( ) elR***

& Find roots X
,x2 of det[A-x(bi)] = 18* dix) = 0

-> X
, x2 are the eigenvalves of A

& Find conzero solutions Xi , X2 FIR of Ax
,

= X
, x , and Axz = X2X2

.

-x X X 2 are the eigenvectors of it belonging to Xi , x2
-

③ Then XC1 = c
,
elity

, + ce
x2t

X2 is a solution of X = AX

where <
,%2 one orbitrary constants

& x(t) is the general solution (meaning that for each given XotIR'

there are constants 6
,

22 so that x(0) = Xo) if and only if

X
,

X2 are linearly independent ;

· The eigenvectors X, x2 are automatically linearly independent
when X

, #x2

Justification for Q-B :

Approach 1 : follow the steps in example) for the general case

Approach 2 : Check LHS = RHS :

LHS== le
t

X, + cex,) = X
,
cex

,
+x2e

+
xz

RHS= AX = (
, e
*+
Ax

, + (2
*+
Axz = xe

*+x
, x , + ce

*2+
x2xz

-

= X
,X ,

= x2X2

and LHS = RHS -

Justification for Q :

· We consolve <X+ C2X2 = Xo for C ,ce for each given
initial condition if and only if X ,, X2 One lively
independent (that is if and only if det (x,x 2) + 0 (

· If X, X2 ,
then X

, x2 are linearly independent
-> Shown in Linear Algebra



x=()
,
1 = (oi)

Example 2 : Solve : = (835) x

& Find eigenvalves X, yai det (A-x1) = 0

!det[(= -) - x(bi)] = 1
-3x) = (2+x)(5+x) = 0

Hence
,
4 ,

=-2
,
42 = -5 (or vice versa : there is no natural (numbering scheme

② Findassociated nonzero eigenvectors X
, X2 : AXj = XjXj

X = - 2 : - 2 - (- 2) 3& O - 5 . 1 -2)(w) = (3)() = (2) = 0

Hence, w = 0 . We pick v = 1 so that Xi = (
%

)

Cricking any conzero value for u works)

xz = - 5 (
2

-75)
-
5 -51)(2) = (88)(2) = (3(y+w)) =

o

Hence, w = -v
.

We pick u = ! so that X2 = (i)
.

setting v = -w and picking any contro value for wC is equally valid. S

& The function X(t) = pe+x
, + ce

*2+
xz = c

, e
2 t (b) + (2e

-5+ ( -i)

is a solution to % = (235)x .

two arguments :

⑪ Since (6) and (1) are linearly independent ,
1 . x,x2( (

X(t) given in ⑤ is the general solution.
2. I il-Ito

⑤ Phase portrait :

all solutions converge
to zero as +- op

"means solutions
decon stronger thanin Il

x = (w)



classification of phase portraits for X = MX

Assume Xisx2 One the eigenvalves of At witassociated

eigenvectors Xi
,

X2 and gard solution x(H = Ge"+
x

,
+ ce

++

xz

·Stable (X = 0 is an attractor) · unstable (X= 0 is a repellor)
If X,

, X2 0
,

If X1,230,

then (x(+>1-> 0 es too then (x(t)) -00 as= 00

for all nonzero solutions

⑫
· soddle : 1,2012 · neutral :

Do conta

# *G



Focus next on matrices with complex (non-real) eigenvalves

Primer on complex numbers :

· imaginary unit : i f so that it = -

· complex numbers : z = a + ib with a ,be IR

· mallimaginary pats : z =atib & a = Rez Mal port
b = Imz imaginary part

· operations - add and multiply complex numbers (i2 = -1)
- complex conjugate : Zatib =y :za-il

· Euler's formula : Z = atib eZ: well definedSince we can

=> eiY = cosy + isiny &
use Taylor add/multiply
series for
ex

, Cos X
,
Sin x

· geometry :

-
· = re-iY = a-ib

· normslabsolute vole : Zereifatib Iz1 = Ir=
->length" of complex number

Example : Solve = Ax = (d) X
· eigenvolves :

IE-11- (i)-x(i)l = (2) = x + 1 = 0

= X = -1 d =I = Ei hence Xia = i



· eigenvectors :

(i)() = (ii)() =( 1 = 0

Steri(-u-iw)
= -in -i =

- iv + w

(- -

2ndean is+ eqn.

-> suffices to solve one of these two equations

Solve - intw = o = weiv

Pick v = I so that we i => x = (i)
~

Euler's formula

-> x(t) = ax +
x = eit( ! ) = (ost + i sint) (i)

cost + i sint cost
=

-( i cost - Sirt S (sint) + i()
-

~

is a solution of Y = Ax .
= Re X (t) = Im x(t)

=: X , (t) =: Xz(t)

Lemma If A has only real entries
,
and x (t) is a complex-valued

-

solution of X = Ax
,

then x, (t) := Rex (t) and Xz(+) : = (m X (t)

are also solutions of Y = AX .

*El
= Ax(t) for all +Proof We know that at

Let x(t) = X
,
(t) + iXz(t) where X

,
(H) , Xz(t) are both real -

= (x ,(+)+ i x2(+ )) = d
X (+> is Zell ⑭a solution Ax(t) = A(x , (t) + ix2(+)) =

Since It has only real entries
,

we conclude that * = AX , and = Axa #

So (



linearly independent
-

Note that X(0) = C
, (b) + (i)

hence x(t) = c() + c()Withsolution of X = (80)x

· phase portrait :

and component

counterclockwise rotatione

ist componentconse rotation

&
X= (b) nence Y = Ax = (46)(b) = (i)
->Iockwise rotation

General Process : Y = Ax

· eigenvalues : IA-X(69)150 gives = X
, 2

focus here on Xi, Alib with bo

· eigenvector for Xatib :

find X , to so that (A - x
, (bi))x, = 0

· solution Y(H) = exi+x
,

= at(cosb+ + isinb+ ) X
,

· genera solution : x(t)= ReY(t) + 22 (m YH)

Cit con be shown that this always gives the general solution)

· phase portrait : I ·
use Y= A(b) to determine

- whether solution rotates clockwise
↓ or counter clockwise



Classification (revisited) :

& = f(x) with XIR
?

& equilibrium Xu (So that f(x50) and Jacobian Ai= (x)
assume X, x2 one the eigenvalves of It

· Xy is called stable
,

or on attractor if Rex
,
Rexa < O

Y

=> X(t) - X+ as + 00 for all x(0) near Xx phose portraits
for Y = AX and

O

X = f(x) naa

X look vary* Y Simila

Stable node Stable Spiral

X,12 Mal
X,x2 cot real

· Xo is called repelling (or unstable) ,
or a repellor , if Rex., Rex > O

= XCI-Xa as fat noo for all x/03 nea Xa

#
unstable mode urstabsSeed
X

,, x2 Mal

· Xx is called a saddle if X ,
201

·i) I
· XX is called neutral if X , = 0

- 11- Center if X1 . 2
= Iiz with 20

are shown ;*
· phose portraits for X= AX

⑧ phose portraits for X =f(x)

near Xo may be different

Meutral



Summary : considered = Ex = (2) x with x = (Y)eR2

-> eigenvalves X1,2 = 312i

eigenvector belonging to di = 3 + 2: is X = (i) Coraynonzero multiple

-> x(t) = ex+
x, = e(+zi)t(ii) = e3+

(cos(+ + isi-z+ )(,)

x(t)=) + = est(cs2
+

)Sin2+ is a complex-volved
-

solution of Y = Ax

= Rex(t) =: X
, (+/

= (mx(+ ) = xz(t)

Lemma : If all entries in 17 one real
,

and x(t) is a complex-volved

Solution of X = Ax
,

then X
, (A) : = Rexit) and Xz(t) : = 1mX(t)

are (real-volved) sartions of Y = Mx
.

Proof : We know that Y = Ax for all +. Let X (+ ) = X , (+ ) + i x>(t)

where X
, (t)

,
Xi (t) are both Mol-valued :

=xiitixiti)=
because
X(t) isa -> II II 71

Solution Mx(t) = A(X , (t) + i xz( + ) = (x
, (t) + i Axa(t)

Mel numbers Mal numbers

Since A has only real enties
,

we conclude that

& = Ax
, and Ye = Axe for all +

& x(+ ) = c
,
e3t (2) + cat (t) is a solution of

& = (3)x for each choice of the constants,

limeorbu independent

& Since X(03 = C
,
(9) + (b)

,
we conclude the following :

x(+ ) = c
,
e3t (3) + Get (i)

is the general solution of i = (3) x

In particular ,
for non-real complex exponents ,

we only need to

compute one of the two eigenvestors.



Phose portrait : * = Ax = (2)x with genera solution

V x() = c ,
e3+ ) -(1) + ae+ (2+ (

& counter

X Clockwise~
-M rotation 2

exponential growth rotations/ oscillations
· ↓

z
as t increases

& Clockwise
X rotation ? no

i = Ax(x = (b)
= (2)(b) = (2) I points into upper

half-plane -

~
counter-clockwise

arrows indicate direction rotation
T of increasing time+⑳

T

Genera process : Y = Ax = (99)x

· eigenvolves : IA-X(0i)) = 18 x) = 0 gives x= X
,2

focus or X,z = Ttiw with wo

·

eigenvector : find X , to so that [At-X , (bi)]x, =

· solution : * (t) = ex +
x

,
= ett(cosc+ + iSirwt) X

,

· genera solution : x(+ ) = c
,
Re * (+ ) + G(m Y (t)

(can show that this always gives the general solution !)

· phose portrait : ro Stable (X(+ - 0 as + - oo& ryo Unstable (Ix(sl - 0 as too)

T use = #(b) = (E) to determine

p ↓
whether solutions rotate clockwise

or counterclock wise



Classification : Y = Ax where A hos eigenvolves Xi
, x2

· Rex
,
Rex , < 0 with X.#x2 so that x (t) -= 0 as + = 00

*
Stable mode Stable Spiral

2x1, &1 reall (x1
, x) vot real)

· Rex
, Rex2 30 with X1#x2 so that (x(t)) -= 00 as + = 00

*
unstable mode Unstable Spiral
(X1, x) real) CX1

,
x2 not reall

· Rex
,
<0 < Rexc

#
: neutral· tiw for who : center

*
neutral

(x240)



& 3 .
2 Matrix exponentials

Motivation :

conside = Ax
.

We found solutions in the form x(+ ) = ext (2)
This gave the genera solution via the superposition principle when

& Xi
,
x2 real with Cis X

, #x2

(ii) X
,

= X 2 with two linearly independent

eigenvectors
2 X

, x2 not real

-> have not dealt with the case X
,
= X2 with only one eigenvector :

Example : A = (a) Las X= xz=a with eigenvector (d)

2 Generalize to larger systems of the form = Ax where

A uxe matrix and XEIRY

-> We have exploited that X = ox for xelR has the Solution x (+ ) = eatxo

-> By Gology ,
the solution to X = Ex where A is now en uxu motrix

ought to be x(t) = aft xo

↑ E

exn matrix Vector in IRM

-> what is ett"2
1
x+...Recall :x+ atx3 +... + ki

moves sense also for matrices !

Definition : IfA is on exe matrix
,

we define

et = 1 + A+ A +.. = 7
where 1 = (oh) is the uxn identity matrix

Caution let is not the some & exponentiating each entry in A

2 Generally
,
eA+B Fette (sec late for examples)



Lemma : The Solution x (t) of Y = Ax with x(0) = Xo is X (H) = et+ Xo

Proof : (x) ett= = 1 +A
2*

· Initial condition : X10 = attoxo = 1 - xo = Xo

· LHS = DHS :

ett=- 1+)
-

/
LIS ((x)

Of
k +

k- 1

-

V= 1
=Am

Of
At

I IfA = Ae
-

RHS

(*) We can show that differentiation and summation commute

for this series

7 How can we calculateeAt ?

Linea algebra : Let A be a real uxn matrix

· xed is said to be an eigenvalue of A with eigenvator VO if Av = Xv

· Each eigenvalve X is a root of the nth-order polyconia det (t-X1) = p

· Each Matrix A has n eigenvalves X1 , ..., In with eigenvectors V
, ..., Un

· If the eigenvalues are pairwise distinct
,

the eigenvectors v
, ...,

ve

satisfy det V =O where V = (V
,
I

... /v) is the uxn metrix with

columns given by V
, ...,

In

Note : If the eigenvalues X, , ...,
In are not poirwise distinct (that is

,

we have Xi = X; for some it;) ,
then we may or may not

be able to find n eigenvectors v
, ...,
i for which det V = O

where V = (v, 1 ... (wn)

-> see next example!



Example : repeated eigenvalves (x .
= x2)

1x = (bi)x

· eigenvolves and eigenvectors :

1 - x0

O dex
= Clas = 0 hence 4, = x = 1

( 'Ex) () (88)() = 0 regodless of values of u,r

= every vector is an eigenvector !

= 3 Choose (for instances X
,

= (6) and xe = (9)
we want X

, X2 to be linearly independent !

· genera solution : X(t) = cet(b) + ce
+ (i) = et(c)

2x = (80)x

· eigenvalves : 180) -x(03) = Lyl = x = 0

Hence again X
,

= x2 = 0

· eigenvectors :

(d)(2) = (5) = o
requires V = 0

.

hence X
.

= (b) is the only eigenvector

· solution : X = ce+x
,

= (b) E only one constant !
-> not clear how we can find the general saction in this lose !

Conclusion a In example1 there are two eigenvectors V
,Ve of It

with def(V , (vi) +O
,

and we can solve the ODE using
our previous approach

· In example 2, A has only one eigenvector ,
and our

previous approach does not allow us to find the general
solution

.



Lemma : Assume AEIR*
has eigenvalves Xi , ..., an and that the

associated eigenvectors v
, , . . ., I satisfy det VEO where V= (r, ... (v)

Los columns vis.,in . Let D =

() be the diagona motix

with the eigenvolves X1g- ,k on the diagonal . Then :

1 A = VDV
- 1

2 eut = vebtr +
= 1(ett) v -

Propf :

I Let es = (8) entry inthrow
for = ...n, then

O

Vej = (v, ... /r)rej = Vi end therefore V"v= e,

for j = 1, ..., n Hence

V DV" v = VDe ;
= VXjej = X; V = Ar, for all ;

which implies VDV = A
.

2 Note : (VDV-2 = VDV . VDV = VDPV+
and therefore

CUDU-" = VDUVDV .... VDV" = VDTV- (A)
-

↑ factors

Of

2A+
= eVDV

-
t

= work-
S-vD) ve = re+ +

= 1)t)v-

Example 1 : Find the gened solution of I = (90) X
.

· eigenvaldes X= i with V = (i) and x2 = 5 = -i with V== (i)
.

· v = (ii)
,

d = (2), (i) = (i -i)
-> eit - ve-(ii)(i)(i )=

-t (
si - + )

it-x(+ ) = (t cost xo ~ Simplify using
e = cost + iSint

# Recell : if A = (d)
,

then A" = defe(i)
.



Example 2 : Repeated eigenvalves (with only one eigenvector)

I Find the general solution of Y = (80) x

> use metrix exponentials :

· = eno = (1 + ta+ +.+ A" +... ) xo

⑧ A = (86) = A = (80(80) = (88) AK = (88) for al K22

· X= elotxo = [(i) + +(80)]xo = (d) xo

> the genera solution of % = (86) x with x(0) = xo is x(+ ) = (b)xo
V

Phase
> Xo =Eo) gives
>

Portrait⑧ ~
x(t) = (Vottv)

E

Lemma : · If AB= BA
,

then ettB = eFcB = Bet
⑧

A+ B
= g7c3Let A = (86) and B = (8)

,
then e

2 More generally ,
the solution to i = (8) with X/01 = Xo is

(*) x(+ ) = ei+ (b))xo

Verify (#) : A = (8) = al + 18 % ) and 1 . (8% ) = (80) . 1

= eut = e

(a1 + (86))+ 21+ (8%)+
= e+ 1(bπ) = et(bπ)x = e 2

C
Lenno above ! ~

~

>

⑮ S
⑳ V > U9

& D<
[

X= a < o repeated

"stable improper code
"

x= a) 0 repeated
Vistable improper mode

"



53
.
3 Inhomogenous systems

We now consider inhomogeneous systems of the form

(x) * = Ax + b(+ ) XEIRU

where A isa uxn matrix and GCt) is a given continuous function

with volves in IRC

Lemma : The general solution X (t) of (x) is given by

At
X(t) = e Xo + So etlt -s

b(s) ds
- -

genera Solution Particular Solution

ofX = AX of y = Ax + b(t)

↑roof : We can justify our statement in two ways :

I Check LH5 = RHS and X/0) = Xo where Xo is arbitrary
-> will not do this here

2 Derive the expression for the solution

> use integrating factor

Let x1+ 1 = ettylt and assume x(t satisfies (1
,

then

Ls= = (et+ y(+)) = 1ct+ y + ex+ d

RHS = Ax + 6() = Act+ y + 0(t)

Hence
, A+ et =A + x+

So that et = b()
. Multiplying by e-At , we get

c
- A+ze+ d = e

-+
6(t) (4) = e

V+
b(+ )or

Integration gives y(+ ) = c + S- 1Sb(s)ds

and therefore x(t = eA+
y(t) = et+c + Set(+ -

xy(s)ds

C) using the lemma : catget = gera)+= got = 1



54 Nonlinear systems of ODEs and applications

&4
. 1 Strategy and tools

God : design and analyse models of real-worldopplications

&

& P : stoble mode↓f
P,

Q : equilibria

Q : Soddle

- · find equilibria
· determine behavior neer equilibria using

linear approximation and our liveer theory
· piece solutions from different regions together

Need : · existence and uniqueness (to drow phase portraits/
· tools to compute Linear approximations

Focus : nonlinear autonomous systems of ODES :

(2) = (i) Or

* = F(x) with X = (5)
,

F(x) = F(vv) =(i)

&
Jacobian
:x =:
F(,) = (ii) = (n + ur + er)Example : cosv + zu

(v ,r =() = ( 2u + v

-
continuous in (v

,v



Theorem (existence and uniqueness)
Pick XoElR" and Ossume that there is anso so that F(x)

and all entries of (x) are continuous for all x with

IX-XoldE
,

then the Ode Y = F(x) With initial condition X(01 = Xo

has a unique solution X(t)
,
defined for te(-5, 5) for some >0

.

Example (continued) :

The ode() = (v2 + ur + er(cosv + zu hos a unique solution for

each initial condition (v) (0) = No
, Vol : indeed

,
the

right-hand side and all entries of the Jacobian are continuous

for all (V,v)o see above -

Autonomous ODEs :

We focus on autonomous ODES * = F(x)
,

where F(x)

does not depend on the independent time variable +

-> the valve to of t at which we impose an initial

condition does not change the shope of the solution :

Assume X, (t) satisfies = F(x
,(t) with v ,

101 = Xo
.

Pick toEl and define Xalty it xiltutol ,
then

dX

&-== F-to) = Extra
-

Phase portraits : If F(x) is continuously differentiable for all X
,

-new solutions cannot torch or cross :

v
X , (t) Ei
· then *, (t)

,
Yalt) One solutions

with Y
, (0) = *2(0) ->

controducts uniqueness !



Equilibria ,
and their Linearizations : Consider Y = F(X)

.

· If F(X) = 0 (So thatx is azeo or root of F(x))
S

then XCA1 = XX for all I is a time-independent solution
or on equilibrium / rest state .

⑨ We want to determine what solutions with initial

conditionsXo near Xy do
-> use Taylor Series toapproximate F(x) near Xx :

F(Xx + 4) = F(x)+ (x)y + terms of least
17 quadratic in 7

O -

smaller than lineer tons
-> Ori+!

Linearization about Xx is the lined ODE

= (x) y = Ay : we know how to solve this .

X* -
⑧ tells usabout ↳solutions ⑨

near X

~

i= (x)y = Ay

Theorem (Linearization) :

Assume that F(Xx) = 0 and that F(x) is continuously
differentiable in X for all X near Xe

.

If all eigenvalves
of # (x) have conzero real part, then the phose

portraits of (K = F(x) near + and (2)= (xa)y
nee y= 0 look Similar



54 . 2 Ecology : competing species

Question : Will competition lead to coexistence or extinction ?

Modelling a single species : logistic model

n(t) : population Size at time +

-

model : d = an(1- ) = : f(u)

where & : growth rate for small populations
K - carrying capacity (accounts for limited resources)

f(r)
We have

⑧ > ·
· nct) = 0 for all + or

O K · n K as top

Modelling two competing species : ~ Its : rabbits

v (t) : Sheep

I Logistic model for each species :

E= different growth rotes and

carrying capacities

2 Include competition between the two species :

· competition has no effect when u =o v = o

-> suggest terms of the form uv

· include such a ten in equation for u :

i = au(l- z) - cur = Eu(r-u- V
&S -

minus sign accounts
~ speciesv reduces

for competition
carrying copocity ~of species

> (k) E i = ou(1-) - cuv model for two
i = bv(1-5) - duv competing species



cose study : focus on specific paramete volves

-> = 31 - 212- uv&= = zv-uv - v2 3
· equilibria : solve E u(3 - 2u - v) = 0 !v(2 -u - v) =O

(v+, va) = (0
,%) , 10,2) , (32 ,

0)
,
(1, 1)

· classify equilibria : Jocobian = 3-4u-v - u evolvate atS
-v z-u-

2) each equilibrium

10,0 · (2) unstable mode

10.2) : (12) soddle

(3/2
,
0) : (3-32) soddle

C :

(i) Los eigenvolves x1,2=5
-x stoble node

· phose portrait : (* ) see next Poga

sheep v &- fo v > 2

(1 , 1) : Coexistence
-> Stoble !

O
7

-·
V= 0 gives i = u (3-2u)

E

[
g = u(3 - 2u -v)o

- for u > 3/2

C

3 12

⑳ ⑧ [
only rabbits u

~abbits

· conclusion : & presence of both species leads to coexistence

neither species becomes extinct



(X)

· existence and uniqueness :

to meaningfully draw the phose portrait
,

wo need to

know that solutions exist andane unique once we

specify initial conditions

-> our model satisfies the hypotheses of the existence

and uniqueness theorem ,
which therefore guarantees

existence and uniqueness :

indeed
,

the RHS and all entries of the Jacobian

computed above de continuous in (1) for allv.

· periodic orbits :

~
↓ to conclude that all solutions

⑨
4

E in the first Quadrant that do
->T
- not lie on the U-or v-exis

M - C
converge to the coexistence

↑ state
,

we need to exclude

↑x -847 the existence of periodic
· 7 ⑨ E solutions (shown inGive

-> this can be done by snowing the following :

W

this can be done as above :

- u = 1

! v = 1

i = u(3 - 2 - v) =

W 1 . (3 - 2 - v) = 1 - vo

for v> I ~

= v(2av-1) , (2-u-1) = 2-u > 0

for Our -



54.3 Epidemiology : modelling infections diseases

Focus on infectious diseases such as Covid-19 :

· viral infection

· transmitted by contact between individuals

· confer short-term immunity once antibodies have been produced

Questions we want to address :

① when do outbreaks occur ?

· can we predict incidence curves
?
-

· managing outbreaks :
" flattening the curve"

· preventing outbreaks : efficacy of vaccinations

Approach :

· population-based model for S susceptible
T infected-&
R recovered

Compartment model :

We will make the following assumptions :

· infected = infectious (ro latency)
· will not account for population changes due to births/deaths
· recovered are immune

Fi F2
S > I > R

infection Recovery

F2 Assume a constant traction y of the infected population
recovers per unit time> F2 = G I

note : We can think of "y as the mean residence time of

the disease : If the fraction y of a individual

recovers per unit time
,

then the individual recovered

Fully offer /f time units (this orgument does

not make sense practically but is volid mathematically)



# o assume that each infected individual posses the pathogen to

6 other individuals per unit time

· if we ignore that two or more infected individuals may poss

the pathogen to the some individuals
,

then pathogens are

passed to

bI unique individuals per unit time

· transmission effects only susceptible individuals
,

that is

the fraction S/N of the total population of Size N

· if individuals interact regardless of the compartment then belong
to

,
we obtain

F2 = bl . Sn = SI
um

= number of susceptibles who are infected

on infected population per unit time

updated compartment model :

SI 2 I
S > I > R

infection Recovery

ODE model :

dS

!
at

=- ESI susceptible

= ESI - rI infected

d = VI recovered

I Total population size :

We have N = S +1 + R and therefore

= (Stir) = S + I + r = - Es + S - VI +I =0

and we conclude that the total population is constant-

> we can focus on (5
,1) Since R = N-S-I.



2 Reduced model :

&- three perometes : b
, U,

N

ESI-VI

3 Nondimensionalization :

· normalize time via ti= 8t

So that t = 1 corresponds to t = / = mean residence time of disease

· convert S ,
I to fractions u

,
v of total population N :

& v(t) = v(rt) := or S(t) = N v (Yt)

v(t) = v(yt) : = or I(t) = N v(Ut)

· derive ODEs for (u ,v) (t) :

LHS= = E(Nu(at) =indepen-

of t

RHS =
- ESI = - bN = - bNur

= -guv fraction of population that is susceptible

LHS= = E(n-(rt)) =Nun

RHS: SI-VI = bN-UN = bNur-yN-

3 d = Guv - v fraction of population that is infected

· result :

(L new rescaled model

> define new parameter Ro := G basic reproduction number

4 Existence and uniqueness :

The right-hand side and all its derivatives in (V,V) are continuous

for all (V,V)
,

so existence and uniqueness of solutions is assured

by the existence and uniqueness theorem -



S SIR model :

( & d
== RoUv where = u

,
v =

= Rouv -v

Ro = by parameter

6 Phose portrait of (A) :

· equilibria : =o and i= 0 give 9 - Rouv = 0

Rouv -v = 0

hence (V,v) = (Ux , 0) : rest states where

U is arbitrary

· Jacobian : ( - Rov - Rou ( = ( O- RoU CRov Rou-1 0 RoVx-I
(ux ,0)

7 X = 0 neutral

x = Rovx - 1 10 Stable& ↳ for unstable

X2 X2

YRo Unstable

·

UX

Stable

· initial conditions : Recall Sti + R = N = 5+ + E = 1

Hence u + v +
#recovered/voccinated

= 1
N

· new disease : (u ,v)(0) = (1 ,0) few infected individuals in otherwise

susceptible populations for new disease

Co vaccines ; no recovered

· established (v
,vI(0) = (vx

,Val 1- Vy - Vy recovered or voccinated

disease : witha + Vo < froction of population
3 herd immunity ?



Ro< Ro> I

(Ux , 0) with OEUEl (va
,
0) with OcUaE I have X

,
= 0

Nove X,
= 0 and x20 and i 410 u "Ro

>0 Y Ro< Upl

w W

v
I

W outbreak
&

= Fift v ~ -n
M

T ~

· ⑧ ⑳
G 2 G "R I

ii
(v,vi(t) = 10 ,

evo Stable unstable
is a solution

> Rocl : no outbreak -> Ro> 1 : leads to outbreak if entire

population is susceptible

7 Conclusions :

· Outbreaks occur wher Ros1 for new diseases without

recovered/immune vaccinated population

· voccination/herd immunity :

Claim : rx = F = fraction of vaccinated/recovered > 1- "Ro

implies un "Ro
,

and outbreak disappears
Proof : * > -"Ro gives-rx < 1-"Ro and therefore

Va = 1-va-ree Sure 1-21-Yro) = Yroy
> NYT data from spring 2020 indicate Ro 3 .8 for COVID-19

So that 75 % (1-YRo = 0
.T4) of the population

needs to be vaccinated/immune from COVID-19

· interpretation of Ro :

essume single infected individual in population of susceptibles :

Ro = b . Y =

# infected individuals
unit time ~ duration of infection

= # individuals infected whilst individual is infectious

> Ro> 1 implies that each infected individuals infects at

least one other person over the course of being sick

> infected population increases !



& Justification for phase portraits

· = -Rouvo unless UV = 0 => v(t) decreases strictly
O u c "Ro (for all UKI When Rock
· = Crou-1) v & = O v=Ro

30 > Yo

· E(u +v) = -10 = u(t) + v(t) = ) for all + = 0



54. 4 Climate : energy-balance models
notde

Question : What determines the surface temperature of planets ?

Goals : · consider energy-balance model for planets
·Investigate transitions between states via tipping points

Radiation : Sun acts as a blockbody : it emits electromagnetic woves

across a broad spectrum of wovenumbers with spectrum

and energy output depending on its effective surface

temperature Ts

Earth reflects a fraction & of the radiation reaching it

from the Sun andabsorbs the remaining fraction I-a
;

The albedo a depends on surface conditions such as

area covered by oceans
,

ice
,

forests etc.;

Earth also acts as a blackbody and emits radiation

whose energy depends on the surface temperature Te

and the amount and properties of greenhouse goses
in the atmosphere

sun

22 + th is radius of sun

radiation
re radius of earth

distanced r
-

① N & sun-earth distance
T

Sun radiation
>

&

&

I
7

7

cross earth I

Section

Physics : · energy flux is defined by energy per unit area and unit time

· quantum mechanics predicts the energy flux

emitted from blackbodies with a given temperature



not do
Radiation emission andabsorption : ia

· solar energy flux reaching earth is given by the solar constant

L : = 6 Ts
* +3/d2 where G is the Stefan-Boltzmann constant

· earth therefore absorbs the total energy re(l-a)L
per unit time

,
where a is the albedo.

2
① earth emits the total energy 4 tre (1-E) S Tet per unit time :

E= 0 corresponds to the absence of greenhouse gases ,
while

Eo reflects increased reflection of emilted blackbody radiation

due to greenhouse gases in the atmosphere

Albedo-climate Feedback :

· albedo & depends o surface temperature Te of earth :

temperature decreases => area covered by ice increases

=> frection a of radiation reflected increases

&
· model :

G(Te)
d(Te) = 2 - = tanh (Te-260)0

.7

~0. 5 =

0.3 =

Te

Energy-balance model :

· Eltel : surface energy storage per unit area at temperature Te

· compartment model :

& ECTe)) = energy per unit areaabsorbed by earth per unit time
=

energy per unit area emitted by earth per unit time
4

= I(1 - ((Te))L = (1- E)5Te

where we used 4tre = area of earth surface to calculate the fluxes

On the right-hand side

d· Elte)-tes : heat capacity



#breviated,
climate energy-balance model" notes

M 1

radiation
>

7

& Ts radius of Sun

earth re radius of earth

temperature TSun 2 & sun-earth distance
temperature Ts

· energy flux = energy per unit area and per unit time

· blockbody radiation : energy flux at surface =
5 T4

⑳ energy flux emitted on Sun reaching earth : GTs 55/42 =: L

⑧ total energy absorbed by earth : Hre(l-2) L C : albedo

2· total energy emitted by earth : 4re (l-5) 5 Tet
where E greenhouse gas effect in atmosphere

· energy stored on surface per unit area : E(Tel

· olbedo : < = ((Te) where

a(Te) = E - = torh (0 ~
yes

Te

> & (E(tel) =

Entert = 11-d)2-l17

Ite)di

> · = [(1-cite) - n-20 +e]
where we assume C = Tel : heat capacity is constant



Model : * = (1- a(Te)) - (1- 2) T

d(Te) = 2- tanh (Te-260)
where we assumed (for simplicity) that C := MITe) does not depend o Te

Those portraits : I will sketch phose portrait for different values of E

that I obtained using a Jupyter notebook ; we can

Obtain these results andytically using qualitative analysis !

low concentration of normal concentrations high concentration

Greenhouse gas (E small) (medium range of El IE close to 1)

⑧ [ [ >· > > ·
- Te ↑

Te
T

TeI &
. snowball earth" State not normal climate"

Observable

Tipping points : use (E ,Tel Plane to represent the phose portraits

Te V ~ v

·
⑧ ⑧ tipping points : two equilibria

W - - collide and disappear asa is varied

......
⑧

....
v · 1

V

⑧
⑧

- - 1

E
>

increasin greenhouse

gas Youcentration Te and a depend
both on time

W
·

Te 1 ⑧

7 normal climate essume E = Elt) decreases

...... Slowly over time ->

·

F..... Ta follows normal Climate state

· Until this state disappears and

[ ⑧
then rapidly drops to snowball

⑧
snowball earth earth state !

E
[ [ 2 <



55 Second-order equations

Focus on linear second-order equations in the form

+ p + qu = 0 for given constants p,qeR .

-> serve as models for
· mechanical systems (mass-spring ,

linear oscillators, ... )
· electric circuits (copacitors ,

resistors
,
inductors )

· Equivalence to first-order systems

du
Consider (1) a = F( +,v,)

Where we assume that FCtsu, va is continuously differentiable in (v
,
v).

du
Let V : = It

,
then (1) can be written as the system

2

(2) E (2) = (= (+, v
, v
(

Lemma I :

1 v(H) satisfies (1) If and only if (v ,
v) (7) = (v(), (t) Satisfies (2) .

2 Assume #Ct, v
,
v) is continuously differentiable in (v

,V) and

continuous in t . For each given (to ,
Vo

,
Vol

,
the ODE (1) with

du
initial condition ultol-up and Cto) = Vo has a unique solution

· solutions to linear second-order equations

d
Next

,
Consider (3) d +p + qu = 0 for constants P,Q ,

then the associated first-order system is given by

(4) () = ( =a -p)(z) = : E(Y)

Lenno 2 : The following statements are equivalent :

1 X is an eigenvare of A = (a =b)
,

with eigenvectorx = (x)
2 x+ px + q = 0

3 u(t) = e Satisfies (3)

We can now use Lennas 1 and I together with our results on

first-order systems to obtain the following characterization

of solutions to (3) :



d +
an

Lemmo 3 : Consider (*) Pa+ + qu = 0 for constants P,GER .

Denote by Xia the roots of X+ PX + & = 0. Then every solution

~ It) of () is of the following form for appropriate constants, :

C ,
ex ,

t
+ czex2+

X,X EIR

v(t) = Ci ext + text for X
,

= xz = xE
ce'tcoscut + etsin not X

, z
= rIiWEIR

Furthermore
, given constants up

,
No ,

there are unique constants G,
dr

So that ust) satisfies (1) with 110 = 00,(0) = Vo

U W z

- + u t
- t

X, X20 Y ,
= X2 X,

, 2
= riw (w +ol

with r < O

Example I : Find all solutions to=au whereGe IR is given
IJQ &>0

> The roots of X* = a are given by x1
,
2

= & O a= 0
-

= i(101 a < &

Hence the solutions are given by

[ e-
vx

+ cetax es0

v(X) = P + GX & = 0&
C cos(sTaix) + C2 SinIITaix) a 0 ~

· Boundary-value problems

We consider the temperature profiledong a beam of lengthit,
where we hold the temperature at the end points fixed at zero .

The heat equation with Dirichlet boundary conditions given by

at + 30
,

OCX 2 w

~ (X+ ) = temperature&
du=

~
(5) v(0, +) = O + = 0

· x
v(2π, +) = 0 + =0 O

t fixed

models the temperature profile vix, t along the beam (See APMA0360) .

We will use separation of voridles and seek solutions of the form

u(X,+) = e
*tv(x) where XEIR and VIX) is not identically equal to zero :



Hs= = Ge v(x)) = xet v(X)

& RHS= Let+ v(x) = ex+ (x)

LHS-RHS gives det vaxs = extdx,
and(x) therefore needs to satisfy the ODE d = Xv

where XER is undetermined .

2 It remains to address the boundary conditions :

ukats = Cattvaxi)Ix = 0
= ext 10) = 0 for all += 0& Vlan,

H = Le+ v(x1)(x = 2
= ext v(2π) = 0

and we see that this holds if and aly it v(d=0 and v(z) = 0

3 Hence
, finding solutions v(X ,+ ) = e

** v(X) of 1) reduces to finding
solutions v(X) of

& (6) d = xv OX2π

7) v(p) = v(z+ ) = 0

Example I shows that all solutions to (6) are given by
=X #X X> 0Ce + 22

v(x) = & 2 + GX x = 0

C, CostaTrix) + C Sin(ATRIX Xp

we need to check the bornday conditions (7) for each case :

X= 0 : v(X) = C, + CX and therefore

I 0 = v(o) = C Lance c = 0

0 = v(2π) = c + 2πc = 2π haca = 0

-X #x
X>D : v(X) = c , e + C2 and therefore

& 0 = v(d) = c + 22 [0 = v(π) = 22
-2

+ ce2π or eik)(c) = 0

which has aconzero solution (,) if and only if

&

O a gix = an - a
2

which holds only for X= 0 which is excluded Since XO.

X0 : vaxi = C , coslix) + c Sindaix) Hence c = 0

& 0 = v(0) = C Hence c = 0 -
W

0 = v(z) = c ,
Cos (2nTX) + c Sin() = Casin(TX)

Hence
,

we havec-0 or need Sinattatl = o

which requires 2x - not or IX1 = 14 for integers -

Since X10
, we Obtain X = -1 for integers n = 1.



3 Conclusion : The only solutions of equation (1) of the form

~ (x, + ) = e
*

v(X) with XEIR and v(X)#0 are

- n2t/4un(x,+ ) =
e Sin(2nx) for integers n21

.

· Inhomogeneous equations (and resonance)

Consider the inhomogeneous Linear ODE

(8) + p + qu = g(t) P, q constants

Lemma 4 : Assume that g(t) is continuous for all +
L

1 If v(t) = C
,
v , (t) + G v (+1 is the general solution of the

homogeneous ODE +P + Qu = 0 from Lemmos
,

and

· up(t) is a solution of the inhomogeneous ODE (8)

then u(t) = C, u, (7) + C2Va(t) + up(t) is the general solution of (8) .

2 If glt) = gilt +... + Balti where each term is continuous in t

d2 d
and us (t) are solutions of #2 + Pi+ + qu = G; (t) +or

j = 1
, ...,

4
,

then Up(t) = ve"(t) +... + up() is a solution of (8) .

Note : Up(t) is called a particular solution of 18) :

We can use any solution of 181 for it
,

and Lemma4 then

allows use to assemble the general solution of 18) based on

the particular solution of 18) and the general solution of the

homogeneous equation associated with (8) (which has g(t) = 0)
.

da

Example 2 : Solve -+2 + u = sin(ct)
. sin cut

-> models a linear perdulum

or mass-spring system that
spring

is subjected to periodic

forcing with frequency was · nass

-

· solve homogeneous equation #I a + u = 0 .

Substituting uct) = ext gives X + 1 = 0 hace X= Fi
.

Hence
,

v() = C , cost + C Sint is the general solution

of the homogeneous equation (*)
.

2 Next
,

we need to find a

particular solution of Note : exponential functions

Cincluding cas and sin) reproduce
(*) + v = sin(w+ ) them selves under differentiation& - seek solution in the same

form as forcing term



Theapproach is called
,
undetermined coefficients" :

We try v(t) = Acosct + BSinnot, where It
, B are constants that

we need to determine. We need LHS = RHS :

d
#S=2 + v =

- Aw"coscot-Butsincot + Ecoscut + BSincot

RHS = Sin not

> Need All-wis Cost + B11-co2) sincot = sincut for all t

We have LHS = RHS for all t if It = 0 and B=For
which is possible when cofII .

For WFIl
, up(t) = Fal Sinnot is a particular solution

3 For WFII
,

the genera solution of our model is given by

ult) = c
, cost + 2 Sint + #m Sincut

4 Resonance W = 1 : forcing has same frequency as the

unforced mechanical system:

modifyundetermined coefficients
"

guess :

Letv(t) = Atcost + Besint
,

then

& = Ecost + BSint-Atsint + Bt cost

= - Asint + Blost - Asivt + Blost-Atcost- Btsint

= - 2Asict + IBcost - Atcost-Besint

LHS= + v = - 2Asint + 2Bcost-Atast-Atsint

+ At cost + BEsint = -2ASivt + 2B cost

RHS = Sint

> need - ZASint + 2Bcost = Sint for all +

hence
,

A = -1/2 and B= 0

Hence
, up() = -Ecost satisfies our model for w =

=> ult) = c
, cost +Csirt-cost istheged sala

unbounded

Growth in to ~



Finding particular solutions :

I undetermined Coefficients :

at at

e -> v(+ ) = Ae

g(+1 I & CoruCH = At eat if X
,

= a + x2)

cosbt or Sin Gt -x ~ (H) = A cost + Bsinbt

Corv(+) = Atcosbt + Bt Sinbt if x= ib)

see [Logon : 52
.3] for other right-hand sides

2 variation of constants formula :

opply Our first-order formula from 53.3 [Logon : S2
.
4 .2] :

up(t) = - v
,
(t)(j vz(s)g(sE wiss as+ractssa

w() : = v
,(t))- () valt)

Where v(t) = C , v
, (t) + Ceva(t) denotes the general solution of

the associated homogeneous problem-



56 Laplace transform

· Outline

·We will learn about integral transforms
,

which provide

· very differentapproach to Solving Linear ODES
.

· Integral transforms ,
such as Laplace transform and Fourier transform

,

are especially useful for solving PDEs "
· They provide a alternative way to solving inhomogeneous equations,

especially for step functions and impulse forcing
· Idea : transform Ode into algebraic equation

L 2
-

ODE >
algebraic

>
solution

Y equation to ODE

L = Laplace transform

· Definition and properties

Definition : If vH) is a continuous function defined for += 0
,

its Loplace transform U(S) = [u](S) is the function

Usi = Suct)e-st at provided Lim

T

TzopSo use-stat exists
.

Example : Let us) = eat
,
then

v(S) = y(ee+) = ju(+ )e
- stat = jete-stat

= jola-stat=easto
defined for Sa

.

L
need so at =oo

Hence
,
feat) = sta Or

2"(sta) = get

Inverse Laplace transform : We write v = &" (U) if U = 2(v)
> · no explicit formula to compute 2-(U) .

· will normally use look up tables :

Ieat Fa
Linearity :

· Y toa



· Differential equations

Example : Solve = -v with 110) = 2 using Laplace transform

7 2() = - 2(u)

: integrate by parts#edl Estat
= to [Cucaest)lI - 55As lest)d+ ]

= im Evetsest-ucos + such e-Sta+]
T=0

assume that
-

u(T) e
- St

= o =
- u(0) + gu(He-S+

d+ = - u(0) + 58(u)

Os T - 00

Hence
,

~ y(0) - v10) = - (() : substitute v(d = 2

and write V = 210)
SU(S) - 2 = - u(s)

2

u(S) =

S+ 1

Therefore , v() = 2"() = 2" (5) = 22
+ (5)

Lookup table : 2"(t) = et(a-1 = et

=> Ust) = Zet is the solution. ~

Derivatives : e() = S((x) - u(0)& 2() = 3y() - Su10)- 10

-> Laplace transform replaces differentiation

with multiplication bys (plus initial conditions) !



·Step functions

f ->(t)
Imagine our forcing function
is given on a step function :

t

we switch our forcing on and off

Heaviside function :

E to & H(+ )

H(t) := Y two

⑧ t

Example : O + 10 3.
f(t)

3 ot5 2

f(t) = & 2 5 + 7
M I t

& 7t
O 5 T

Switch"3" Switch

off for +>5Y -
"2" On

L

= f(t) = 3H(t) + (3 +2)H(t-5) + (- 2+0)H(t-7)

= 3 H(t) - H(t-5) - 2 H(t-7)

Laplace transform : For ayo
,

we have

2(H(t- a)) = SH(t -a)eStd+ = Ge- 3+d+ = - ja - s
+ = 0

-
+= a

#
= e-es for >o need 530 of + = 00

· Switching property For &20
, we have

& I (H(t-a) f(t -a)) = e

- as
F(s) where F(s) = &(f)

2 (a- as F(s)) = H(+ - a) f(t - a)

Which can be showe by evaluating the integral that
defines the Laplace transform



du
Example : Solve I = -u + 3H(t) - 3 H(t-2) with v(o) = 0

Forcing :
3 3 (H(+ ) - H( + -2)

t
O 2

-> &(d) = y( - 1 + 3H(+) - 3H(+-2) with U = &(v)

52(u) - v(0) = - 2(u + 32(7+ (3) - 32(H(+ -2) E linearity &

derivatives

su = - u + 3 - 3 - 25 & previous example &

3
initial conditions

Hence
,
U(S) = S(st) (l-e-25)

Thus
,

v(H) = 2" (sE+ (1 - e
-2)

~

partial fractions:t= -it

-> v() = 32"[(5 - Si)(1 - e
-2s)]

= 3[2" (5) - 2" (je - 2) + 2"(se -2) - 2" (5)]
= 3[1 - H(t- 2) + e

- (t- 2) H(t-2) - e t]
So that u(t) = 3(1- e-t) 0+ 2& 3(e- (t- 2)

- e-t) 24t

v(z) = 3(1-) -u
v(t)

t

O 2



· Impulse forcing

Newton's low describes the motion of a point mass in with
du
-velocity vC+ ) subjected to force f(t) : M 2+

- f(+)

du

Impulse forcing : mi+ = f(t)

S ~viotal-musored
z mAV = 1 for all 230

& velocity difference

A D X

a-Ea+E => let E-=o to model a single
impulse exactly of t= a that

changes mu by one unit

The resulting,generalized function" is denoted by dalt

(thee-function" or
,delta-function") .

It is characterized by
the property that for 940 and any continuous fruction gets

(1) Salt g(t) dt = g(a) (a20)

Laplace transform of dalt) for a 20 :

Ital= delt est at
E e-as

· Lookup toble u = 2- (U) V = &(v)

eat sta
H(t-a) e -as

Jalt( e-as



Example : ma = -v + de(t) with v10 = 0 where aso

7 apply Laplace transform :

2(m) = 2) -V + da(+ 1)

linearity

derivatives &
m2() = - G(v) + 2(da(t) ·

V(O) = 0

100n up table

m (sV(s) - v(0)) = - V(S) + a
- &S

msV(s) = - V(s) + e

- es

VIS) = msti eas = inmeas

v(t) = 2
" (V(s)) = 2"(mmeas)

= in 2" (syme- 0s) = mH(t -a)y"(ym)(+ - a)
↑

-
PropertyHe

a Switching

in - V(t)

7 VCt) = mH(t-a) e ult-as :is the solution to our problem

O a t



Additional Material

· Matrix exponentials : AB = ca + B
+ AB = BA

·Second-order equations : Repeated roots



Matrix exponentials

Note : eteB = e+B # AB = BA

Example :

⑧ A= (b)
,
B = + (

-
1894551

+35
11 + 466A+B = #(i+45 S

⑳ Let C =(inb) with alb=0
,

then

C has eigenvalves Xi
, 2

= In re

⑨ Eigenvalves of A
,

B
,

it +B :

A : X
,2
= πi

E B : X
,2

= Izi
3

A+B : X
, 2

= 1 5;

· We write each matrix as VDV"so that
its matrix exponential is VePyt

. We have

Di
E : 2

=
- 1 using the expressions& Bi eP = 1 for their eigenvalues

+B : e = - 1

Hence
3

A
= ve

*
Y" = - V

,
" = - 12

& 2
B

= vePr = V = 1

2
A+B

= vgePv" = - V3Vz" - 1=

and therefore eveB = et +B

① (b) (e +so ) = (a
+30

-b) 3 equal unless

which areot

Gab :4)( % j) = (ob+b) 6= 0 -



Second-order equations : repeated roots

Consider +p + Qu = 0. The function uct-ext

is a solution if and only if X + PX + q = 0
,

which we can

-

solve to get X
,

= - E = J Ph
-I - 9 The two roots will

Coincide (So that X
,

= X2) if and only if the term under the

↑ p2
square root vanishes so that -Q = 0 or Q = F .

We will

now derive the general solution in this case .

p2
-

Hence
, Ossume q = I and consider (A) a ++ + E = 0

We cost # as the first-order system

(*) (2) = ( -
32

,4 -p)(2) With eigenvalves x = x
,

= xi = - E
.

Next
,

we write

A = ( =p) = - E(bi)+)=

Note that B = (2)(i) = (8)
and therefore eBt = 1 + B = Itt)(
Since A = -E1 + B and IB = B1

,
we have

eut = e

-Et=Bt
= c+ (b) (t)

= -Et (t) = e( ,)
Since (2)(+ ) = ett (2) is the genera solution of #*)

,
we extract

the first component to get

u() = e
* [C-x+ yo + tvo] = ex+

c + tex +
e

-

with C = 10 and 22 = Vo-Xo. general solution of ()


